Bernardi and Tirabassi show the existence of a full strong exceptional collection consisting of line bundles on smooth toric Fano 3-folds under assuming Bondal's conjecture, which states that the Frobenius push-forward of the structure sheaf O X generates the derived category D b (X) for smooth projective toric varieties X.
Introduction
A full strong exceptional collection is a building block of the derived category D b (X) of coherent sheaves on a smooth projective variety X. Such a collection rarely exists, but if it exists, the derived category D b (X) is equivalent to the derived category D b (mod A) of the module category mod A of a finite dimensional algebra A.
For any smooth toric DM stack X, Kawamata shows that there is a full, but not necessarily strong, exceptional collection consisting of coherent sheaves on X [Ka06] . Furthermore full strong exceptional collections on toric varieties are studied by many people (cf. [BT10, CM10, CM, CRM09, Cr09, DLM10, HP08, LM10, IU09]).
We can define an endomorphism F m (m ∈ Z >0 ) called Frobenius map on any toric varieties over a field of any characteristic (some people also call it a multiplication map). It is also known that for smooth complete toric varieties X, F m * O X splits into line bundles and Thomsen [Th00] finds an algorithm to compute the set of all direct summands of it. We denote the set by D X for a sufficiently divisible integer m. On the other hand, Bondal's conjecture predicts that the set D X classically generates the derived category D b (X). So sometimes, for instance in the case |D X | = rank K(X), it becomes a candidate of a full strong exceptional collection consisting of line bundles on smooth projective toric varieties X.
Bernardi and Tirabassi show the existence of such collections on all eighteen smooth toric Fano 3-folds by using Frobenius maps [BT10] . Using birational geometry, we obtain a stronger result. Precisely we show the following.
Theorem 1.1. Precisely for sixteen smooth toric Fano 3-folds X over C, the set D X becomes a full strong exceptional collection (in an appropriate order). For the rest two cases, (4) and (11) in Theorem 3.1, there is a unique proper subset of D X which becomes a full strong exceptional collection.
Note that this theorem implies that Bondal's conjecture is true for smooth toric Fano 3-folds. The strategy to prove Theorem 1.1 is as follows;
Step 1. Let f : X → Y be an extremal birational contractions between smooth toric Fano 3-folds. Assume that D X forms a full strong exceptional collection. Then so is D Y . This is done by Lemmas 5.1 and 6.4.
Step 2. By Step 1, it is enough to show that D X forms a full strong exceptional collection only for (birationally) maximal Fano 3-folds X, namely in (11), (17) and (18) in Theorem 3.1. Unfortunately, in the case (11), D X does not form a strong exceptional collection. Instead we can find a subset D nef of D X which becomes a full strong exceptional collection. Then, as in
Step 1, an inductive argument works in the case X in (11).
Step 3. To check the strongness of the chosen set in Step 2, it is enough to check the dual of line bundles in the set are nef (Lemma 3.8). This is easily done by observing Figure 5 . To check the fullness in Step 2, we prove Bondal's conjecture in our situation by rather tedious, but elementary calculation. This step is done in §4 and §5.
In [BT10] , Bernardi and Tirabassi check a similar statement to Theorem 1.1 only in the cases (9), (11), (14), (15) and (16) separately, since the existence of a full strong exceptional collection, not necessarily coming from D X , was already known in the rest cases. In their proof of the strongness, they use rather tedious argument, firstly given by [BH09] . Moreover they show the fullness by assuming Bondal's conjecture.
Dubrobin conjectures that for a smooth projective variety X, the quantum cohomology of X is semi-simple if and only if X is a smooth Fano variety with a full exceptional collection. Although his conjecture turns out to be wrong, it is still believed that there is a relationship between the existence of full exceptional collections on X and its quantum cohomology (cf. [Ba04] .) Furthermore several people conjecture that every smooth toric Fano variety has a full strong exceptional collection consisting of line bundles [BH09, CM10] . These are the motivations of our study.
It should be pointed out that there is a smooth projective toric (not Fano) surface which does not possess any full strong exceptional collections consisting of line bundles ( [HP06, HP08] ), and it is also worthwhile to mention that there is a smooth toric Fano variety X such that we cannot choose full strong exceptional collections from the set D X [LM10] .
Because our exceptional collections consist of line bundles, the corresponding quivers, Gram matrices etc., is easy to compute. Furthermore because our construction of the collections seems canonical, they behave well as in Step 1 above. We expect that there must be several applications of our choice of exceptional collections. In fact, as its application, we can prove the derived equivalence between some smooth toric 3-folds connected by a flop.
The structure of this paper is as follows: In §2, we give some basic definitions on the derived categories of coherent sheaves. In §3, we explain several notion on toric varieties and refer some useful results for smooth toric Fano 3-folds. We also explain how to determine the set D X , following Thomsen. In §4, we actually determine it for several toric varieties. In §5, we show Bondal's conjecture for maximal smooth toric Fano 3-folds. In §6, we accomplish Step 1 above and give the proof of Theorem 1.1. In Theorem 6.3 we also obtain a similar result in the surface case to Theorem 1.1. In §7, using exceptional collections we constructed above, we show the derived equivalence between some smooth toric 3-folds connected by a flop.
Notation and conventions For a smooth variety X, we denote the bounded derived category of coherent sheaves on X by D b (X). T -invariant is an abbreviation of torus invariant. For objects E, F ∈ D b (X), we define
We work over C for simplicity.
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Generators of derived categories
In this section, we give several basic definitions on triangulated categories and derived categories of coherent sheaves.
Definition 2.1. Let S = {S i } be a set of objects in a triangulated category D.
(i) We denote by S the smallest triangulated subcategory of D containing all S i , closed under isomorphisms and direct summands. For a triangulated subcategory C of D, we denote by C ⊥ the full triangulated subcategory of D whose objects F satisfy the property Hom D (C, F) = 0 for all C ∈ C.
(ii) We say that S classically generates D if S = D. We also call S a classical generator of D.
(iii) We say that S generates D if S ⊥ = 0. We also call S a generator of D.
Let X be a smooth complete variety over C.
(ii) An ordered set (E 1 , . . . , E n ) of exceptional objects is called an exceptional collection if the following condition holds;
for all k > j and all i. When we say that a finite set S of objects is an exceptional collection, it means that S forms an exceptional collection in an appropriate order.
(iii) An exceptional collection (E 1 , . . . , E n ) is called strong if
for all k, j and i = 0.
Remark 2.3. If X has a full exceptional collection consisting of n exceptional objects, the rank of its K group K(X) is n. Furthermore it is known that the rank of K group is the number of the maximal cones in the fan for smooth complete toric varieties. For 3-dimensional smooth complete toric varieties X, we can see rank K(X) = 2ρ(X) + 2.
We have the following easy lemma. Because of it, the facts that the set D X forms a full strong exceptional collection and that F m * O X is a tilting generator for sufficiently large m are equivalent. See §3.3 for the definitions of D X and F m .
Lemma 2.4. (i) Let us consider a finite set of line bundles
Assume that the vector bundle E = L k is a tilting generator of D b (X), namely it satisfies the following conditions:
Then the set {L i } forms a full strong exceptional collection.
(ii) Suppose that we have a full strong exceptional collection
Proof. The most parts of the statements are direct consequences of the definitions. I explain only how to show the fullness in (i).
Note that the condition (1) implies that the set {L k } is a strong exceptional collection. Then we have a semi-orthogonal decomposition (cf. [Hu06,
Since E is a generator, {L k } ⊥ = 0 which implies that the strong exceptional collection {L k } is full.
Toric varieties
Throughout this section, we use the following notation. Let N = Z n be a lattice of rank n and M its dual. A fan ∆ in N R = N ⊗ Z R consists of a finite number of rational strongly convex cones in N R , and it determines a toric variety X = X(∆). We define V(∆) to be the set of primitive generators of 1-dimensional cones in ∆.
For a cone σ in ∆, put R σ = C χ u u ∈ M ∩ σ ∨ , where χ u u ∈ M ∩ σ ∨ is a basis of C-vector space R σ . We can define an obvious multiplication on R as usual (cf. [Fu93, page 15] ). Then the affine toric variety U σ corresponds to σ is just Spec R σ , and the rational function field of the toric varieties X is just C χ u u ∈ M .
Double Z-weight
According to [Od88] , we introduce the notion of doubly Z-weighted triangulations of a 2-sphere. For simplicity, we restrict to the case n = 3, namely N = Z 3 below. We can obviously identify the set of half lines starting from the origin 0 of N R with
be the projection. We call π(v) a rational point of S 2 corresponding to a primitive element v ∈ N , and v is called the N -weight of the rational point
is a convex spherical cell in S 2 with rational points π(v 1 ), . . . , π(v s ) as vertices. Thus for a fan ∆, we get a convex spherical cell decomposition
Suppose that a fan ∆ is complete and non-singular, which is equivalent to the condition that the corresponding toric variety X = X(∆) is proper and smooth. Then we get a simplicial cell decomposition of S 2 . Moreover, for each 3-dimensional cone σ ∈ ∆, the corresponding spherical 2-simplex π(σ\{0}) has vertices whose N -weights v 1 , v 2 , v 3 form a Z-basis of N . For each 2-dimensional cone τ ∈ ∆, there are exactly two 3-dimensional cone σ, σ ′ ∈ ∆ such that σ ∩ σ ′ = τ . In this case, the sets {v, v 2 , v 3 } and {v ′ , v 2 , v 3 } of N -weights for the vertices of π(σ\{0}) and π(σ ′ \{0}), respectively, are Z-bases of N . Moreover we have 
We then endow the edge π(v 2 ), π(v 3 ) with the double Z-weight α 2 , α 3 , where we place α 2 (resp. α 3 ) on the side of the vertex π(v 2 ) (resp. π(v 3 )) as in Figure 1 . For simplicity, here and henceforth we always denote a rational point π(v) by its N -weight v in figures of double Z-weights. We have normal bundle sequences;
where C ∼ = P 1 is the T -invariant curve corresponding to the cone τ . Then we know as above
{j, j ′ } = {2, 3}. Combining both sequences, we conclude that they split and so we have
We show in Figure 2 the change of double Z-weights under the blowingup along a T -invariant curve [Od88, page 90] . The segment attached to a oval corresponds to the curve, and the vertex with a dark gray small circle corresponds to the exceptional divisor. Figure 2 will be used to find the centers and the exceptional divisors of blowing-ups in Figure 4 . Theorem 3.1 ( [Ba82, WW82] ). Up to isomorphism, there are 18 distinct Fano 3-folds. Among them, each of (11), (12), (14), (15), (16) and (18) below is obtained from one of the others by a finite succession of equivariant blowing-ups.
(1) P 3 .
(2) P 2 × P 1 .
where f 1 and f 2 are fibers of the two projections from Y to P 1 .
in the notation of (7).
(9) P 1 × Σ 1 for the Hirzeburch surface Σ 1 .
where f is a fiber of the P 1 -bundle on Σ 1 and s is the minimal section with s 2 = −1.
where Y 2 is the toric del Pezzo surface obtained from P 2 by the equivariant blowing-up at two of the T -invariant points.
(17) P 1 × Y 3 , where Y 3 is the toric del Pezzo surface obtained from P 2 by the equivariant blowing-up at the three T -invariant points.
Their birational relations are described in Figure 3 . There are just three (17) (17) (13) (13) (13) (6) (7) (8) (9) (9) (10) (11) (11) (12)
(1)
Figure 3: Every arrow means the equivariant blowing-up along a T -invariant curve and every dotted arrow means the equivariant blowing-up along a Tinvariant point.
maximal Fano 3-folds, (11), (17) and (18), with respect to birational relations.
The corresponding eighteen doubly Z-weighted triangulations of S 2 are given in Figure 4 . A segment attached to an oval corresponds to the Tinvariant smooth curve of the center of a blowing-up appearing in Figure 3 . The number, like "(5)" in Figure 4 (1), near the oval is the number of the Fano 3-fold obtained from the blowing-up.
For instance, the oval in Figure 4 (1) means that if we blow up along the curve corresponding to the segment with the oval, we obtain the Fano 3-fold in (5). Of course, in this case, by symmetry we can choose any other segments, or any other T -invariant smooth curves, as the blowing-up center.
A dark gray small circle at a vertex corresponds to the exceptional Tinvariant divisor of a blowing-down appearing in Figure 3 For instance, the small circle in Figure 4 (5) means that if we blow down the T -invariant divisor corresponding to the vertex with the small circle, we obtain the Fano 3-fold in (1).
In Figure 4 , we do not indicate the point of a blowing-up center, or the exceptional divisor of a blowing-down to a point, since we do not need it afterwards.
Frobenius push-forward
In this subsection, we explain how to compute the direct summands of Frobenius push-forward of line bundles on smooth complete toric varieties, following Thomsen [Th00] .
Fix a positive integer m and we define a new lattice N ′ as N ′ := 1 m N and denote its dual by M ′ , We consider the natural inclusion f m : N ֒→ N ′ , which sends a cone in N R to itself. Thus f m induces the finite surjective toric morphism F m : X(∆) → X(∆). We call a map F m Frobenius map. It is also called a multiplication map. We put
and D i to be the T -invariant divisor corresponding to the 1-dimensional cone generated by v i . Henceforth, without otherwise specified, we always assume that ∆ is a complete smooth fan, i.e. X = X(∆) is a smooth complete toric variety . We put
where for any real number x, ⌈x⌉ is the integer defined by x ≤ ⌈x⌉ < x + 1. Similarly, we define
where for every x, ⌊x⌋ is the integer defined by
. For every cone σ ∈ ∆, we denote by U σ the open subset of X corresponding to σ. For a maximal cone
and a matrix 
(2) 
Figure 4: Doubly Z-weighted triangulations of S 2 [Od88, page 91]
we define
Note that for a maximal cone σ, A σ belongs to GL(n, Z), since X is a smooth toric variety.
and
In particular the divisors
Example 3.3. Put R = R σ for an n-dimensional non-singular strongly convex rational cone σ in N . For a smooth affine toric variety U = Spec R, the multiplication map F m induces a C-algebra map
When we regard a quotient field K of R as an R-module via the map F # m , we denote it by F m * K. For a sub-R-module L of K, we also define a sub-R-module F m * L of F m * K, which is just L as an abelian group.
Then the module F m * (Rχ −A −1 σ w ) for some w ∈ Z n is freely generated by the set χ
namely, we have an isomorphism
since we also have the following description;
where e 1 , . . . , e n is the standard basis of M .
The isomorphism on an affine piece in Example 3.3 can be globalized as follows in (ii).
Lemma 3.4. Fix a vector w = t (w 1 , . . . , w l ) ∈ Z l and a maximal cone σ ∈ ∆.
does not depend on the choice of a maximal cone σ.
Proof. (iii) The second isomorphism follows from the projection formula. The first one is a direct consequence of the Grothendieck-Verdier duality (cf. [Hu06, p.86]), but we give another proof by the use of the above result. 1, 1, . . . , 1) . Then, for all u ∈ P n m , we can see
The last equality holds because, in general, the equality ⌈ Below for simplicity, we often identify two isomorphic line bundles. For a T -invariant divisor D and an integer m > 0, we define sets of (isomorphism classes of) line bundles; We take σ in (3) to be σ 0 , then (3) becomes the following simpler form
Convention
and hence we have
Lemma 3.5. Fix a T -invariant divisor D = w i D i and put w = t (w 1 , . . . , w l ). (ii) For any w σ 0 ∈ Z n , there is a vector u ′ ∈ Z n such that mu ′ + w σ 0 ∈ P n m . Put u := mu ′ + w σ 0 . Then we can see
which means the divisor D u,w is linearly equivalent to
. This gives the last assertion.
(iii) By definition, we have q m i (u, w) = q lm i (lu, lw), which implies the conclusion.
My optimistic conjecture is as follows; Lemma 3.5 will not be used afterwards, but an idea to solve Bondal's conjecture in §4.3 and 4.4 comes from it.
The following is sometimes powerful when we show that F m * O X is a tilting object.
Lemma 3.8. Take a line bundle L on X.
. But the last term vanishes for i > 0, since X is toric.
(ii) We have Ext
, which vanishes by the Kodaira vanishing theorem.
Examples
In this section, we determine the set D for various smooth toric varieties.
Hirzeburch surfaces
Let us consider a Hirzeburch surface X = Σ d over P 1 . Define
Then we know that D 1 and D 3 are irreducible fibers of a P 1 -bundle on X, and D 2 and D 4 are sections with (
To determine D, we may assume that m ≫ d by Lemma 3.5. Then we obtain
and hence
by Lemma 3.4(iii) or a direct computation by the use of (4) for w = t (−1, . . . , −1). Now we have
which is non-zero for d ≥ 2 and d − 1 ≥ i ≥ 1. Hence we see that F m * O X is not a tilting object for d ≥ 2. On the other hand, it is known that
is a tilting generator for all d (cf. [Ki] ).
Maximal toric del Pezzo surface
Let us consider the toric surface X = Y 3 which is obtained by the blow up of P 2 at the three T -invariant points. Namely, X is the maximal toric del Pezzo surface with respect to birational relations. We put
Then we know that D 2 , D 4 , D 6 are exceptional divisors of X → P 2 . Note that
Then we obtain
These are dual of the line bundles which appear in a full strong exceptional collections on X in [Ki] . In particular, D forms a full strong exceptional collection.
Fano 3-fold in (11)
Take the Fano 3-fold X in (11). Put
as in Figure 5 . 
Figure 5: Fano 3-folds in (11) and (18)
Therefore we have
Then by the equation (1) we can read from Figure 5 that for all
We shall prove in §5.2 that D nef = D b (X). Consequently the set D nef becomes a full strong exceptional collection. We also know that
for some i > 0, since, otherwise, D becomes a full strong exceptional collection. This contradicts with rank K(X) = 8 = 9 = |D|.
Fano 3-fold in (18)
Take the Fano 3-fold in (18). Put
as in Figure 5 .
By the equation (1) 
Fano 3-fold in (8)
Take the Fano 3-fold X in (8). Put
For all of line bundles L ∈ D, we can see that L −1 is nef by a similar method to one above, hence Lemma 3.8 implies that Ext 
Fano 4-fold
We consider the Fano 4-fold X = V 4 corresponding to the polytope Conv v 1 , . . . , v 10 , where
Note that X is a maximal Fano 4-folds with ρ(X) = 6 and rank K(X) = 30.
Hence the set D X consists of the following 50(=1+4+6+12+4+16+1+6) line bundles;
where b h − a h = 0 or 1, a h = 1, . . . , h and i, j, k ∈ {5, 6, 7, 8} with (i − j)(j − k)(i − k) = 0.
As you can see above, the situation becomes worse in the 4-dimensional case. In the higher dimensional cases it becomes much worse. It is known by [LM10] that there is a smooth toric Fano variety X such that we cannot choose full strong exceptional collections from the set D X .
Exceptional collections on maximal toric Fano

3-folds
In this section, we show Bondal's conjecture for maximal smooth toric Fano 3-folds. Combining this with the results in §4, we see that D X (respectively, D nef ) is a full strong exceptional collection in the cases Fano 3-folds in (17) and (18) (respectively, (11)). 
Exceptional collection on the Fano 3-fold in (17)
The following must be well-known.
Lemma 5.2. Let Y and Z be smooth projective varieties. Suppose that E and F are tilting generators of
Proof. We can check
Hence we have Hom
For the toric case, we know that
is a tilting generator on the maximal toric del Pezzo surface Y 3 and m ≫ 0. Because the Fano 3-fold X in (17) is the product of Y 3 and a projective line P 1 it follows that D X is a full strong exceptional collection. Here we leave to readers the proof of the fact that D P 1 is a full strong exceptional collection on P 1 .
Exceptional collection on Fano 3-fold in (11)
Take the Fano 3-fold X in (11). We use the same notation as in §4.3. First we determine the set D(ω . . .
Thus we have
By tedious computation, we can see
Note that there are linear equivalences;
Combining this with (6), we have an exact sequence
Since
Using (6), we have an exact sequence
Since D 3 ∩ D 4 = ∅, we have an exact sequence
) with (7), we obtain an exact sequence
We have already known that all line bundles in the sequence except
This fact has been already observed in [BT10, Proposition 3.2].
(ii) Tensoring O X (−D 5 + D 6 ) with (8), we obtain an exact sequence
We have already known from (i) that all line bundles in the sequence except
We have already known from (i) and (ii) that all line bundles in the sequence except
(iv) Take j = 1, 2. Tensoring O X (D 4 −jD 6 ) with (9), we obtain an exact sequence
We have already known from (i) and (ii) that all line bundles in the sequence except O X (D 4 − jD 6 ) belong to F m * O X . Thus so does O X (D 4 − jD 6 ).
(v) Take j = 1, 2. Tensoring O X ((1 − j)D 6 ) with (10), we obtain an exact sequence
We have already known from (iv) that all line bundles in the sequence except
Therefore we know that D nef = D(ω −3 X ) m . On the other hand, we can directly see by computation that
for i = 1, 2, which is more or less expected by Lemma 3.5. It is also known that 
Exceptional collection on Fano 3-fold in (18)
Take the Fano 3-fold in (18). We use the same notation as in §4.4. We want to find all elements of D(ω . . .
Hence by tedious computation, we can see
Note that there are linearly equivalences;
We have
Combining this with (11), we have
By tensoring L ∈ Pic X, we obtain the following:
We shall check that L ∈ F m * O X for all L ∈ D ′ below. We take an arbitrary integer i ∈ Z.
(i) We have exact sequences:
Hence
Similarly we obtain
(ii) We have exact sequences:
Since the line bundles
We have exact sequences:
Since we can see from (11) that
(iv) We have exact sequences:
Since we have
by (11), we have
(v) We have exact sequences:
Then by a similar argument to one given in §5.2, we can conclude that the set D X forms a full strong exceptional collection.
6 Birational contractions and tilting objects Lemma 6.1. Let (f, ϕ) : (X, ∆ X ) → (Y, ∆ Y ) be a T -equivariant extremal birational contraction between smooth projective toric varieties. Choose a maximal cone σ in ∆ X such that ϕ(σ) is a cone in ∆ Y . For any u ∈ P n m ,
, where a ≥ 0 and E is the exceptional divisor of f .
Proof. (i) First of all, we have
(ii) By the duality,
By the assumption (13), the last one vanishes for all l, p with ma
2 is a direct consequence of the vanishing R d f * O X = 0 and (16).
Theorem 6.3. Let X be a toric del Pezzo surface. Then D X is a full strong exceptional collection on X. Proof. We divide the proof into two parts.
Step 1. By the last assertion in Lemma 6.2(i), we may assume that C ∼ = P 1 . There are primitive generators v 1 , . . . , v 5 of 1-dimensional cones in ∆ Y (and we sometimes regard them as generators of 1-dimensional cones in ∆ X ) such that
• C is the T -invariant curve corresponding to the 2-dimensional cone generated by v 1 and v 4 , and
• v 3 is different from v 4 , but it may coincide with v 5 . for some α, β, γ, δ ∈ Z (see Figure 6 ). Without the loss of generality, we may assume that β ≥ α. Then we know that β ≥ 0, since α + β ≥ −1 by the condition that Y is Fano [Od88, Page 89] . By these equalities, we have
Note that the set {v 1 , v 2 , v 3 } also generates a 3-dimensional cone, say σ, in ∆ X . So we can apply Lemma 6.1 for σ. Take u ∈ P 3 m such that
u,ϕ(σ) ), and denote by D i (= D Y i ) (resp. D X i ) the prime divisors on Y (resp. X) corresponding to v i , and we put q i to be the coefficient of
for some a ≥ 0 as in Lemma 6.1. To check (13) in the case C ∼ = P 1 , it is enough to show
By choosing v 1 , v 2 , v 3 as a basis of the lattice N ∼ = Z 3 , we obtain from (18) that v 5 = t (βγ − α, βδ − 1, β)
and q 1 = q m 1 (u, ϕ(σ)) = 0, and q 2 = q m 2 (u, ϕ(σ)) = 0. We also know by (2) that N C/Y ∼ = O C (α) ⊕ O C (β). In particular, we have
for i ≥ 0. We denote F a fiber of P 1 -bundle f | E : E → C. Then we note that T -invariant prime divisors on X which intersect with F are only • in all cases, we have βδ − 1 ≦ 0,
• if β ≥ 2, X is in (11) and Y is in (4) in Theorem 3.1,
• if β = 1, βγ − α ≦ 0, and
• if β ≦ 0 (then actually β = 0), βγ − α ≦ 1.
Consequently, we obtain q 5 ≦ 0, except the case X is in (11) and Y is in (4).
Step 2. Let X be the Fano 3-fold in ( Proof. In §5 we have already seen that F m * O X is a generator for maximal smooth toric Fano 3-folds X. We have also seen in §5.1 and 5.3 that F m * O X is tilting for the Fano 3-folds in (17) and (18). Then Lemmas 5.1 and 6.4 imply that D X is a full strong exceptional collection for all smooth toric Fano 3-folds except the cases (4) and (11). For the case X in (11), we have seen in §5.2 that the set D nef is a full strong exceptional collection on X, and in §4.3 that 
Derived equivalences of flops
The following example should be generalized a lot, but in this article we do not pursue its generalization.
Let X be the Fano 3-fold in (18). Then the prime divisor D 2 in the notation in §4.4 is isomorphic to P 1 × P 1 and there are extremal birational contractions f + : X → X + , f − : X → X − which contract D 2 in two different directions respectively. X + and X − are connected by a standard flop, and several people, including Bondal, Orlov, Bridgeland and Van den Bergh, observe that they are derived equivalent. We shall prove it by using tilting generators we constructed above.
We can see Then because X + and X − are isomorphic in codimension 1, we have a natural isomorphism A + ∼ = A − . Hence
